Ch 3. Magnetically Coupled Circuits
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Figure 13.1
Magnetic flux produced by a single coil

with /V tums.
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Figure 13.2
Mutual inductance 445 of coil 2 with
respect to coil 1.
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Figure 13.3
Mutual inductance A4 > of coil 1 with
respect to coil 2.

Myo=My =M 5 measwres in Keargs (H)

Mutual inductance is the ability of one inductor to induce a voltage
across @ neightoring inductor, measured in henrys (H),



% Dot Convention:

If a current enters the dotted terminal of one coil, the reference polarity
of the mutual voltage in the second coil is positive at the dotted
terminal of the second coil.

If a current leaves the dotted terminal of one coil, the reference polar-
ity of the mutual voltage In the second coil is nedative at the dotted
terminal of the second coll.
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Ilustration of the dot convention.
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Examples illustrating how to apply the
dot convention.
L=Li+L,+2M  (Seres-aiding connection) L=L+Ly-2M  (Seres-opposing connection)
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Figure 13.6
Dot convention for coils in series; the sign indicates the polarity of the mutual voltage:
(a) series-aiding connection, (b) series-opposing connection.



M Jld

. | | . I . ‘ ‘ .
Figure 13.7 Figure 13.8
Time-domain analysis of a circuit containing Frequency-domain analysis of a circuit containing
coupled coils. coupled coils.
I
Calculate the phasor currents I; and I, in the circuit of Fig. 13.9. Example 134
3a
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Figure 13.9
For Example 13.1.

Solution:
For coil 1, KVL gives

12+ (=4 + 51, —j3, =0
or
, jhL —j3L, =12 (13.1.1)
For coil 2, KVL gives.

—§3I, + (12 + j6)I, = 0
or

(12 + j6),
— i
Substituting this in Eq. (13.1.1), we get

(2+4 -3, =4 — L, =12

) = (2 — DI, (13.1.2)

ar

12
I, = ——— =291/14.04° A
4 —j

From Egg. (13.1.2) and (13.1.3),
I = (2 — I, = (4.472/-63.43°)(2.91/14.04°)
= 13.01/-49.39° A




Example 13.2 Calculate the mesh currents in the circuit of Fig. 13.11.
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Figure 13.11
For Example 13.2.

Solution:
Thus, for mesh 1 in Fig. 13.11, KVL gives
—100 + I,(4 — j3 + jo) — jol, — ;2I, = 0
or
100 = (4 + j3)I, — /81, (13.2.1)
Therefore, for mesh 2 in Fig. 13.11, KVI. gives

0= 271, — j6I, + (j6 + j8 + j2 X 2 + 3,
or

0= 78I, + (5 + j18)I, (13.2.2)
Putting Eqs. (13.2.1) and (13.2.2) in matrix form, we get
{100} B { 4+ 53 —/8 } {Il]
0 -8 5 +718] LI,

The determinants are

4+73 —8
A= =30 + 87
—/8 5+ /18
100 —/8
A, = ~ 100(5 + /18
I O +j18‘ (> +/18)
4+ 73 100
A, = — 800
2 8 0 J

Thus, we obtain the mesh currents as
A, 100(5 + 718) 1,868.2 /74.5°
= 30 + /87 92.03 /71°

A2 gsoo 809 20 _ 8.693/19° A
A 30+787  9203/71°

11:

= 20.3/3.5° A
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If the entire flux produced by one coil links another coil, then &k = 1
and we have 100 percent coupling, or the coils are said to be perfectly
coupled. For k << 0.5, coils are said to be loosely coupled, and for
k > 0.5, they are said to be tightly coupled. Thus,

k=

The coupling coefficient k is a measure of the magnetic coupling
between two coils; 0 = k= 1.

Example 3.3 Congider the circuit in Fig. 13.16. Determine the coupling coefficient.
Calculate the energy stored in the coupled inductors at time ¢ = 1 s if
250 v = 60cos(d + 309V,

Solution:
The coupling coefficient is
1 ° M 2.5

k = =
Figure 13.16 VILy,  N?20

For Example 13.3.
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= 0.56

indicating that the inductors are tightly coupled. To find the energy
stored, we need to calculate the current. To find the cwrent, we need
to obtain the frequency-domain equivalent of the circuit.
60 cos(4t + 307) = 60/30°, w = 4 rad/s
SH = Jwl, = j20{}
25H = JowM = j10 {}
4H = jwl, = jl16 {}
1 1
—F = — = —j4 {}
16 JoC

The frequency-domain equivalent is shown in Fig. 13.17. We now apply
mesh analysis. For mesh 1,



(10 + j20)I, + j10I, = 60/30° (13.3.1)
For mesh 2,

J10I, + (jl16 — jI, = 0
or
I, = —1.2IL, 13.3.2)

Substituting this into Eq. (13.3.1) vields

I(—12 — jl4) = 60@ = I, = 3.254/160.6° A
and

I, = —12I, = 3905/—-194° A

In the time-domain,

{1 = 3.905 cos(4t — 19.4%), I; = 3.254 cos(4t + 160.67)
At time f = 18 4¢ = 4 rad = 229.2°, and

i = 3.905 cos(229.2° — 19.4°) = —3.389 A
i, = 3.254 cos(229.2° + 160.6°) = 2.824 A

The total energy stored in the coupled inductors is
L+ 213+ M

w = —Li —Loi 25
St T Skots 112

= %(5)(—3.389)2 + %(4)(2.824)2 + 2.5(—3.389)(2.824) = 20737
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Frequency-domain equivalent of the circuit in Fig. 13.16.

Figure 13.17

fB"/ Lineayr Transtovrmey:

A transformer is generally a four-terminal device comprising two (or
mare) magnetically coupled coils.
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Figure 13.19

A linear transformer.
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Figure 13,20

Different types of transformers: (a) copper wound dry pow er transformer, (b)) audio transformers.
Courtesy of (a) Electric Service Co, (b) Jensen Transformers.
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Example 13.4

In the circuit of Fig. 13.24, calculate the input impedance and current
I,. Take Z; = 60 — j100 ), Z, = 30 + j40 [}, and Z; = 80 + j60 (1.

5 L)
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Figure 13.24
For Example 13.4.

Solution:
From Eq. (13.41),

(5)°
T =2y +j20 + ———
40+ Z, + Z;

25
= 60 — j100 + j20 +

110 + j140
= 60 —j80 + 0.14 /—51.84°
= 60.09 — j80.11 = 100.14{—53.1"@
Thus,

v 50 /60°
== — =05/113.1°A
Zi, 100.14/-531°
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Figure 13.21

Determining the equivalent circuit of a

linear transformer.
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An equivalent T circuit, An equivalent [T circuit.
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Example 13.6 Solve for I, I, and V, in Fig. 13.27 (the same circuit as for Practice
Prob. 13.1) using the T-equivalent circuit for the linear transformer.
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Figure 13.27

For Example 13.6.




Solution:
L,=Li—-(-M)y=8+1=9H
Ly=L,—(-M)y=5+1=6H, L.=—-M=-1H

L 40 90 o _h
—— AAMA—TTT e

j6V<"_j (ID 1O = @ Vofg;loﬂ

j6 = L4 +j9 — j1) + L{—j1) (13.6.1)
and

0 = Li(—j1) + I,(10 + j6 — j1) (13.6.2)
From Eq. (13.6.2),

I, = @12 = (5 — j10)I, (13.6.3)

Substituting Eq. (13.6.3) into Eq. (13.6.1) gives
J6 = (& +j8)5 — j10)I, — jI, = (100 — j)L, =~ 1001,

Since 100 is very large compared with 1, the imaginary part of
(100 — j) can be ignored so that 100 — j = 100. Hence,

Jje . .
I, = — =j0.06 = 0.06/90° A
100
From Eq. (13.6.3),
I, = (5 —j10)j0.06 = 0.6 + jO3 A
and

V,= —10I, = —j0.6 = 0.6/—90°V

13.5 T deal Translormees:

An ideal transformer is a unity-coupled, lossless transformer in which
the primary and secondary colls have infinite self-inductances.

1. Coils have very large reactances (L, Ly, M — o).
2. Coupling coefficient is equal to unity (k = 1).
3. Primary and secondary coils are lossless (R, = 0 = R,).



— ] —
| uvns vatio: (Tmms guwmuHo'w votio) I AN Iﬁr
v () v, R E v, zZ
vV, N, [ ] .
—_— = — =B .
Vi, M Figure 13.31
Relating primary and secondary quantities

in an ideal transformer.

A step-down transformer is one whose secondary voltage is less than
its primary voltage.

A step-up transformer is one whose secondary voltage is greater than
its primary voltage.

#+ Dot Rule:

1. If V, and V, are both positive or both negative at the dotted ter-
munals, use +# 1 Eq. (13.52). Otherwise, use —n.

2. If I, and I, both enter into or both leave the dotied terminals, use
—n 1 Eq. (13.55). Otherwise, use +n.
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Figure 13.33

Ideal transformer circuit whose equivalent circuits are to
be found.

The general rule for eliminating the transformer and reflecting the sec-
ondary circuit to the primary side is: divide the secondary impedance

by 7, divide the secondary voltage by n, and multiply the secondary
current by .

2
2 n*Ly ; Z
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The rule for eliminating the transformer and reflecting the primary
circuit to the secondary side is: multiply the primary impedance by
77, multiply the primary voltage by n, and divide the primary current
by 1.

Example 13.8 For the ideal transformer circuit of Fig. 13.37, find: (a) the source cur-

rent I,, (b) the output voltage V., and (c) the complex power supplied
by the source.

I 40 —j6 1,
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J—\ b= = :L
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: W

Figure 13.37
For Example 13.8.

Solution:

{a) The 20-{} impedance can be reflected to the primary side and we get

20 20
F.="="—=50
R }’12 4
Thus,

Z,, =4 —j6 + Z,=9 — j6 = 1082/-3369° 01
120 /07 120 /07
I, = = = 11.09 /33.69° A
Zin 10.82,/—33.69°
(b) Since both I, and I, leave the dotted terminals,

1
L = — T, = —5.545/33.69° A

V., = 20I, = 110.9,/213.69°V
(c) The complex power supplied is

8 = V. I7 = (120,/0°)(11.09/—33.69°) = 1.330.8/—33.69° VA



